GLOBAL APPROXIMATION OF CR FUNCTIONS ON 
BLOOM-GRAHAM MODEL GRAPHS IN C" 



ALBERT BOGGESS AND DANIEL JUPITER 

Abstract. We define a class of generic CR submanifolds of C n of real codi- 
mension d, 1 < d < n — 1, called the Bloom-Graham model graphs, whose 
graphing functions are partially decoupled in their dependence on the vari- 
ables in the real directions. We prove a global version of the Baoucndi- Treves 
CR approximation theorem, for Bloom-Graham model graphs with a polyno- 
mial growth assumption on their graphing functions. 



1. Introduction 

Baouendi and Treves proved that CR functions on a generic CR submanifold 
of C™ can be locally approximated by entire functions. This theorem cannot in 
general be extended to a global result. For example, the function /(z, w) = 1/z 
on the CR manifold {(z, w) € C 2 ; \z\ — 1} cannot be uniformly approximated on 
compacts by entire functions. 

There are, however, results indicating that global approximation is possible in 
certain situations where there are no topological obstructions. For example, Boggess 
and Dwilewicz 4 j showed that continuous CR functions on hypersurface graphs 
can be approximated uniformly on compacts by entire functions. The problem is 
more complicated in higher codimcnsion. Dwilewicz and Gauthier [5] have proved 
global approximation results in this case. Their results require certain convexity 
restrictions. Nunemacher [Hj similarly proved a global approximation result, for 
the case of totally real submanifolds. For rigid graphs, where the graphing function 
is independent of the totally real coordinates, certain global CR approximation 
results are known. (See e.g. [3] where approximation in L p -norm is established.) In 
this work, we establish global CR approximation results on a class of graphs which 
contain the rigid ones, under an additional assumption that the graphing functions 
satisfy a polynomial growth condition. The class under consideration, called the 
Bloom-Graham model graphs, is defined as follows. 

Definition 1.1. Let M be a generic CR submanifold of C" of codimension d, 
1 < d < n - 1. 

Suppose the coordinates of C™ are given by (z, w) G C d x C"- d , 

z j = x j + Wj> 3 = 1) ••• > d 
wj = Uj + ivj, j = 1, . . . , n — d. 

M is a Bloom- Graham model graph if M is given globally as a graph of the form 
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M = {(z, w) G C" ; yj = hj(xi, Xj-i, w), j = 1, d}, 

where 

h = (hi, . .., h d ) :R d x C n - d -^R d 

is a C 1 map. 

Notice that the graphing functions are partially decoupled in their dependence 
on the variables in the real directions, in the sense that hj depends only on 
Xi, . . . , Xj-%. Additionally, these graphing functions look similar to the lower order 
terms in the Bloom- Graham normal form for a CR manifold We now state our 
main theorem. 

Theorem 1.2. Let M be a Bloom- Graham model graph, as above. Assume that 

\Dh{x, w)\ < (7(1 + \x\ N + \w\ N ), 

for all x G R d , w G C" d , where D denotes the real derivative, and where N and 
C are uniform constants. Let K be a compact subset of M . Then there exists 
a compact subset, K 1 , of M with K C K , such that if f is a continuous CR 
function on a neighbourhood of K' , then there is a sequence of entire functions 
which converge to f uniformly on K . 

2. Outline of Proof 

As with the proof of Baouendi and Treves' local approximation result, our proof 
proceeds by using a convolution kernel which is entire, and which is integrated along 
a totally real n-dimensional slice of M. 

For a point p = (z, w) = (x + ih(x, w), u + iv) G M define the slice 

M p = M v = {(C, rf) G M; Im r] = «}. 
The kernel we use is somewhat different than the Gaussian used by Baouendi 
and Treves. For ( 6 C d , )) e C"~ d define 

E(Cn) = Ci + E A , (<2 + Cf ) +r + nf 

where the constants Aj, Pj, T and Q are positive integers which will be chosen 
later, and which will depend only on the given compact K. 
For e > 0, let 

£ e (C, rj) = = C d 2 + E a, (cf + - r 2 Cp) + r (E 7? + ^'4 

e j=l ^ ' S'=l 

For R > large enough, let xr. ■ R d x R n - d -> R be a smooth cutoff function 
which is 1 on {|x| + \u\ < R} D K and vanishes outside of {|x| + \u\ < R + 1}. 
Suppose / is a continuous function defined on M; for 

p = (z, w) — (x + iy, u + iv) G C d x <C n ~ d define 



G e (f)(z, w) = J Xi? (Re C, Re r?)/(C, v) 



(C,v)eM v 



^l'( ~ E '[ ('— Y ) \<K \,h,. 
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where C\ is a normalizing constant, to be chosen later. 

We will show (Section 0} that G e (f) -> / on K, as e — > 0. Note that the 
integrand defining G e (f)(z, w) is holomorphic in z and u>. However, G £ (/)(z, w) is 
not necessarily holomorphic in (z, u>) since the domain of integration, M v , depends 
on v = Im w. Later (Section |SJ, we will show that if / is CR on a suitable subset, 
K' , of M then the domain of integration M v can be fixed, independent of w. The 
resulting sequence of functions, denoted F e (f)(z, w), will be entire and will converge 
to / uniformly on K as e — > 0. 



3. Kernel Estimates 

To prove that G e (f) — ► /, we begin by pulling back the integral defining G e (f) 
from M„ to M d x via the map H v : R d x R n " d -> M„: 

JT( S , i) = (C(s, t), V v (s, t)) 

= (s + < + iv), t + iv), 

for (s, ijel^x R"- d . We obtain 

Ge(f)(z, w) =-)— ( X r(s, t)f(H v ( Sl t)) 



(s, t)eR d xR"- d 



Note that since M is a Bloom-Graham graph, (H v )*(d( A dry) = ds A dt. 

We now need a key estimate on the exponent of our kernel, which we will state 
in terms of 2S(£, 77), since E e ((/e, rj/e) = E(£, i])/e 2 . 

Lemma 3.1. Let M and K be as in Theorem \1.2l There exist positive even integers 
Ai, . . . , A,j_i, Pi, . . . , Prf-i, r, Q, and a positive real constant C , all of which 
depend only on K , such that 

(3.1) 

-Re e(c\s, t) - z, rf\s, t) - w 
< (fd ~ x d f 



.3=1 ^ ' 



- uj) 2 + {tj u 3 )Q + C[J2( ~ v,f + {v'i ~ Vj) Q 
j=l v / \ i=1 



for all (z, w) = (x + ih(x, w), u + iv) G K and all (s, t + iv') in M. d x C 



1 — d 



Remark 3.2. To show that G e (f) —* f in Section 21 we will only need the above 
estimate with v' — v. In order to fix the domain of integration in Section \5\ we will 
need the above estimate with v' ^ v. 

Proof. For (£"' , if') = (C"'0», »7°'0», *)) and ( z > w ) e M > we have 

(3.2) (J - = (sj - Xj) + i[hj(si, .. ., Sj_i, £, «') - . . . , Xj_i, u, w)]. 
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We estimate the imaginary part by using the mean value theorem and the assumed 
polynomial growth estimate on \Dh\ to obtain 



(3.3) 



\hj(s!, . . . , 8j-!,t, v') -hj(x\, . . . , Xj-x, u, v)\ 

<C(C K + J2\sk~ x k \ N + \t- u\ N + \v' - v\ 
^ fe=l 

J'-l 



\t-u\ + \v' -v\ + } \sk - x k 

k=l 

for all (s, t + iv') £ R d x C n ~ d and all (z, w) G X. 

Note that we have used the fact that if K C M. d is compact, then there is a 
constant Ck such that 



l + |sT <CW(l + |s-arr), 

for all s £M. d , x £ K, and s* G M d lying between x and s. 

We will now make repeated use of a standard arithmetic inequality. Fix any 
p, q > 1 with ~ + - = 1 and fix any small 6 > 0; then there is a large constant Lg 
with 



(3.4) 



a6 < Sa p + L s b q , 



for any a, 6 > 0. A standard special case is p = q = 2 and 5 = L$ = 1/2. 

Using (|3.2() and l|3.3l) . and the above arithmetic inequality, we see that if P is 
an even integer, then there exists a positive integer M = Alp, depending only on 
P and N, such that 



Re Q (a, t) -zA < 



(3.5) 



,j V"! "J ~3 
-3-1 



(Sj Xj) P 



C K 



l s fc " x *\ 2 + I s * ~ X *\ M ) + \t-u\ 2 + \t- u\ 



k=l 

2 i L,' „,|M 



+ \v' - v\ 2 + \v' - v\ J 



(Inequality (|3.4|l is used to handle cross terms in the expansion of ((J — zj) p .) Here 
and below, Ck is a constant which depends only on K and may change from line 
to line. 

Let j = d and P = 2 in The term -(s d — x d ) 2 /2 on the right side of (|3.5|) 

is the first term on the right side of our desired inequality (33) - Next, let j = e? — 1 
with P = 2, and then let J = d— 1 with P = Pd-x, an even integer which is greater 
than M = M 2 in (13.51) . Since the sum on the right hand side of (|3.5|) does not 
involve (s; — xi) for I > j, we can choose a constant A^-i > 2(Ck + 1) and then 
combine these three inequalities (i.e. I|3.5|l with j = d, P = 2; j = d — 1, P = 2; 



GLOBAL APPROXIMATION OF CR FUNCTIONS 



5 



and j = d — 1 and P = Pd-i > M2) to obtain 
(3.6) 



-Rc 



Q (s, t)-z d ) + A d _i 



< 



+ yG-i(s, t)-z d -i 

(Sd ~ Xd) 2 



Q-i(s, t) - z d -i 
P d -i 



(sd-i-Xd-i) -{sd-i-Xd-i) 



Pd-i 



C 



K 



fc=l 
' „,|A? 



X) l*fc - ^l 2 + \sk ~ *k\ M )+\t-u\ 2 + \t- u\ M + \v' - « |2 



+ \v' - v\ 



where M depends only on Pd-i and M = M2, which in turn depend only on N. 
Note that the first three terms on the right of H3.6|) agree with the first three terms on 
the right of l|3.1|l . Continuing in this manner, we can inductively choose constants 
Arf_i, P4-1, . . . , Ai, Pi, and M' an even integer, in that order and depending only 
on A - , so that 



-Re 



2 d-l 



(3.7) 



Cd'(s,t)-Zd) 

/ j=i 

< -(s d - x d f - (Y^{sj - xj) 2 + ( Sj - Xj ) p A 



2 , 

C/( s ,t)-^-) + C/ (*,*)- zj 



c 



K 



t-u\ 2 + \t- u\ M ' + y - v\ 2 + \v'-v 



M' 



Now write w = u + iv, rf = t + iv'. Using the arithmetic inequality (|3.4I) . and 
with Q an even integer, we obtain 



-Rc (?f'(s, t)~w) Q < ft 2 U) +L{v'-v) Q , 

where L is a fixed constant. Using l|3.7|l . and choosing T > 2(Ck + 1) and Q > M' , 
we obtain Lemma 13. II □ 



4. Approximation to the Identity 
Lemma 4.1. If f is a continuous junction on M , then G e (f) — > / on K as e — > 0. 

Proof. Recall that the domain of integration of G e (f)(z, w) is M v = M n {«' 
1 1 n 77 = t?} where v — Im w. 

After making the change of variables 



s = x — es, t = u — et, 
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we obtain 
G e (f)(z, w) 



1 



exp — E, 



Xr{x -es, u- et)f(H v (x - es, u- et)) 

(s, i)£R d xR n ~ d 

C v (x — es, u — et) — z\ ( rf[x — es, u — et) — w 



ds dt. 



-E Ul+^n <-^-E^ 2 -E*1 



3 = 1 



Using Lemma f3. II with v' = v, and the fact that E e ((^/e, rj/e) = E((, t])/e 2 , we 
see that the real part of the exponent of our kernel is less than or equal to 

„2 d—X / \ n — d / \ ~9 d—1 n—d 

-t-EI 

Since x_r ■ / is bounded, the Dominated Convergence Theorem allows us to let 
e — > in the integrand of G e . The resulting integral is 

(41) ^ / Xr(x, u)f(H v (x, u))eM-Eo(DH v (x, u) ■ (s, t) T )]dsdi, 

(s, t)eK d xR"- d 

where 

d— 1 n—d 

£o = c d 2 +E A ^ + E r ^ 2 < 

and where I? is the usual first order derivative with respect to x and u. 
We must show that 



(4.2) 



exp[-E (DH v (x, u) ■ (s, i) T )} ds di 

(s, t)eR d xR"- d 

is a constant, independent of x, u, and v. For then by letting C\ be this constant, 
the expression in (|4.1|) becomes f(H v (x, u)) — xnf{ z i w ) — f( z i w ) f° r { z i w ) G 
and the proof of Lemma f4. II will be complete. 

Note that since M is a Bloom-Graham model graph, DH" is of the form 

'A B^ 



M(A, B) 



Idxd 







I(n — d) X (n—d) 







where Ij is the j x j identity matrix, A is a d x d lower triangular matrix with zeros 
along the diagonal, and B is a d x (n — d) matrix. In particular, detA4(A, B) = 1. 
By increasing the values of Aj and Tj if necessary (as in the proof of Lemma \'S. II 
with only quadratic terms in the exponent), we see that 



(4.3) 



cxp[-E (M{A, B) • (s, i) T )] ds di 

(a, i)GR d xR n ~ d 

is complex analytic in the entries of A and Bona complex neighbourhood of the 
region given by 

dhj(x, u, v) 



14 



< 2 max 

K 



and 



\B 



j, k 



< 2 max 

K 



dx k 
dhj(x, u, v) 



du k 



1 <j <k <d 
l<j<d,l<k<n-d. 
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If A and B are real- valued, a change of variables of the form (s, t) T = A4(A, B) ■ 
(s, t) T shows that the integral in (|4.3II is independent of A and B (again, recall that 
det A4(A, B) = 1). By the identity theorem for holomorphic functions, the same 
is true when A and B are complex valued, belonging to the above neighbourhood. 
Thus (|4.2|) is independent of x, u, and v, as desired. □ 



5. Fixing the Slice 

We have established that G e (f)(z, w) — > f(z, w) as e — > for (z, w) <E K. While 
the integrand in G e is holomorphic in z and w, the domain of integration depends 
ont/ = Im w. Thus G e is not necessarily a holomorphic function. To remedy this 
defect, we fix the domain of integration at M Vo , independent of v = Im w, and 
define 

F e (f)(z, w) = J-^ J XR (C v)f(C V) 



with vq a fixed point in the projection of the compact K onto the w-axis. As \R ' / 
is compactly supported, this integral is well defined, and thus holomorphic, for all 
(z, w) £C",£> 0. 

Lemma 5.1. Let K be a compact subset of M. Let Rf be any number larger than 
max (z,m)6K \ v \- Then there exists R > and C > such that if f is a continuous 
CR function on a neighbourhood of K' = M H [{|x| + |u| < R + 1} x {\v\ < R'}], 
then 

\F e (f)(z, w)-G e (f)(z, w)\<Ce, 
for all (z, w) £ K , and all e > 0. 

Since F e (f) is entire and G e (f) — > / on K, clearly this lemma completes the 
proof of Theorem 1 1.21 

Proof. Consider the manifold M v defined as 

M v = {(C, 77) € M; Im 77 = v' = rv + (1 - r)v , < r < 1}. 

M v is an (n + 1) real dimensional submanifold of M with boundary components 
M v and M VQ . By Stokes' theorem 

G e (f)(z, w)=F e (f)(z, w) 
1 



Xfl(C, v)f(C 17) 



The presence of d£ A d?7 implies that only d(£ v ) terms appear. If / is CR on a 
neighbourhood of K' , then the support of the integrand is contained in {(£, 77) = 
(s + ih(s, t, v), t + iv) e M ; R < \s\ + \t\ < R + 1, \v\ < R'}. 
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Since |x|, \u\ and \v' — v\ (with v' = rv + (1 — r)vo) are bounded in terms of the 
diameter of K, inequality (|3.1|) shows that choosing R suitably large relative to the 
diameter of K ensures that 

for (£, rf) in the support of 8xr and (z, w) G K . □ 

Remark 5.2. Though the assumption of M being a Bloom-Graham model graph 
is referenced throughout this work, this assumption is only critically used in the 
proof of Lemma 13. II specifically in Ij3.5|l and Qlfi) . 
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